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Abstract 

In this paper, we give a classification of natural vector bundle morphisms 

FF q
s

q
s DD ⊗→⊗  over ,Fid  for an arbitrary product preserving gauge bundle 

functor F on vector bundles. 

1. Introduction 

In [5], we determine all natural vector bundle morphisms →⊗q
sAT D  

A
q
s TD⊗  over ATid  associated to a Weil functor AT  and present 

applications to prolongation of tensor fields. By a natural vector bundle 

morphism A
q
s

q
sA TT DD ⊗→⊗:τ  over ,ATid  we mean a system of base-

preserving vector bundle morphisms, ( ) ( ),: ETET A
q
s

q
sAE ⊗→⊗τ  for 
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vector bundles E with standard fiber ,nR  such that ( ) =⊗ EA
q
s fT τD  

( ),fT q
sAF ⊗Dτ  for vector bundle morphisms f between such vector 

bundles. 

The main fact used in the proof of Proposition 3.1 [5] (classification of 

natural vector bundle morphisms A
q
s

q
sA TT DD ⊗→⊗  over ATid ) is that 

each Weil functor AT  induces a product preserving gauge bundle functor 

FMVB →:AT  defined by 

( ) ( )

( ) ( )











=

=π

,,,

and

,,,,,

fTfffT

pMETMET

AA

EAA

  (1.1) 

where ( ).,, ππ=ππ= AMAEAE Tp DD  

Replacing AT  by an arbitrary product preserving gauge bundle 

functor ,: FMVB →F  one can see that Proposition 3.1, [5] is a 
particular case of a more general result: “natural vector bundle 

morphisms FF q
s

q
s DD ⊗→⊗  over Fid  are in bijection with equivariant 

linear maps ( ) ( )VVF q
s

q
s ⊗→⊗  (V real vector space of finite dimension)”. 

2. Product Preserving Gauge Bundle  
Functor on Vector Bundles 

2.1. Weil algebra 

A Weil algebra is a finite-dimensional quotient of the algebra of 

germs ( ) ( ).,0 NRR ∈= ∞ pC p
pE  

We denote by pM  the ideal of germs vanishing at pM;0  is the 

maximal ideal of the local algebra .pE  
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Equivalently, a Weil algebra is a real commutative unital algebra 
such that ,1 NA A⋅= R  where N is a finite dimensional ideal of 

nilpotent elements. 

Example 2.1. (1) R  is a Weil algebra since it is canonically 
isomorphic to the quotient .pp ME  

(2) ( ) 1
0 , += r

pp
prJ MERR  is a Weil algebra. 

2.2. Product preserving gauge bundle functor on VB  

Let FMVB →:F  be a covariant functor from the category VB  of 
all vector bundles and their vector bundle homomorphisms into the 
category FM  of fibered manifolds and their fibered maps. Let 

fB MVBVB →:  and fB MFMFM →:  be the respective base 

functors. 

A gauge bundle functor on VB  is a functor F satisfying VBFM BFB =D  

and the localization condition: For any vector bundle ( )π,, ME  and any 

inclusion of an open vector subbundle ( ) ( )UFEUi 11 ,: −− ππ   is 

isomorphic to ( )UpE
1−  over U and the map Fi  can be identified to the 

inclusion ( ) .1 FEUpE →−  

Given two gauge bundle functors 21, FF  on ,VB  by a natural 

transformation ,: 21 FF →τ  we shall mean a system of base preserving 

fibered maps EFEFE 21: →τ  for every vector bundle E satisfying 

fFfF GE 12 DD ττ =  for every vector bundle morphism .: GEf →  

A gauge bundle functor F on VB  is product preserving, if for any 

product projections 2211
21 EEEE

prpr
→−×−←  in the category ,VB  

( ) 2211
21 FEEEFFE

FprFpr
→−×−←  are product projections in the category .FM  

In the other words, the map ( ( ) ( ) ( ))212121 :, EFEFEEFFprFpr ×=×  

is a fibered isomorphism over .21 MMid ×  
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Example 2.2. (a) Each Weil functor AT  induces a product preserving 

gauge bundle functor FMVB →:AT  by (1.1). 

(b) Let NA A1⋅= R  be a Weil algebra and V be an A-module such 

that ( ) .dim ∞<VR  For a vector bundle ( )π,, ME  and ,Mx ∈  let 

{( ) ( ( ) ),,,,, AMCHomvET xxxx
VA

x R∞∈ϕ/ϕ=  

and 

( ( ) )},,., VECHomv lf
xx x
∞

ϕ∈/  

where ( ( ) )AMCHom x ,, R∞  is the set of algebra homomorphisms xϕ  

from the algebra ( ) { ( ) ( )}RR ,, MCgggermMC xx
∞∞ ∈=  into A and 

( ( ) )VECHom lf
xx ,.,∞

ϕ  is the set of module homomorphisms xv/  over xϕ  

from the ( )R,MCx
∞ -module ( ) { ( ) RR →=∞ EhhgermEC x

lf
x :,.,  is fiber 

linear} into .R  Let ETET VA
x

Mx

VA ,, ∪
∈

=  and ,: ,, METp VAVA
E →  

( ) ( )VA
E

VAVA
x pMETxETv ,,, ,,., 6/ϕ  is a well-defined fibered manifold. 

Indeed, let ( ( ) ) ,1,,,1 miyxUc ji ≤≤ππ= − D  nj ≤≤1  be a fibered 

chart of E; then the map 

( ) ( ) nmVA
Ec VNUUp ××→φ −1,:  

( ) ( ( ( ( ))) ( ( )));,,, j
xx

ii
xxxx ygermvxxxgermxv /−ϕ/ϕ 6  

is a local trivialization of ., ET VA  Given another vector bundle 
( )π′,, NG  and a vector bundle homomorphism GEf →:  over 

,: NMf →  let 

GTETfT VAVAVA ,,, : →  

( ) ( ),,, ∗∗ /ϕ/ϕ xxxxxx fvfv DD6  
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where ( )( ) ( )MCNCf xxfx
∞∞∗ →:  and ( ) ( ) ( )ECGCf lf

x
lf

xfx
..,..,: ∞∞∗ →  are 

given by the pull-back with respect to f  and f. Then fT VA,  is a fibered 

map over FMVB →:. ,VATf  is a product preserving gauge bundle 

functor (see [3]). 

Remark 2.1. (a) Each product preserving gauge bundle functor 

FMVB →:F  associates a pair ( ),, FF VA  where ( )RRR →= :idFA F  

is a Weil algebra and ( )ptFV F →= R  is an FA -module such that 

( ) .dim ∞<FVR  Moreover, there is a natural isomorphism →F:  
FF VAT ,  and equivalence classes of functors F are in bijection with 

equivalence classes of pairs ( )., FF VA  In particular, the product 

preserving gauge bundle functor (1.1) is equivalent to ., AAT  

(b) Each product preserving gauge bundle functor →VB:F  FM  

induces a Weil functor FMM →fG F :  (equivalent to FAT ) given by 

( ) ( ) ( )

( ) ( ) ( )











==

π==

.,,

and

,,,,,

FfffffG

MFMidMMFMG

F

MM
F

 

3. Natural Vector Bundle Morphisms  

FF q
s

q
s DD ⊗→⊗  Over Fid  

In this section, FMVB →:F  is a product preserving gauge bundle 
functor. 

3.1. Preliminaries 

We write for VB  the subcategory of FM  of vector bundles and vector 
bundle morphisms; D  is the subcategory of VB  of vector bundles with 
the standard fiber V and morphisms of vector bundles, which are 
isomorphisms on fibers. 
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Let us consider the following vector spaces: 

( ) ( ) ( ) ( )( ) ( ) ,:;: 







⊗⊗








⊗=⊗








⊗⊗⊗=⊗ ∗∗ FVFVVFVVFVF

qsq
s

qsq
s  

where V is the vector bundle ptV →  (pt one-point manifold). 

If ϕ  is a linear automorphism of V (i.e., a vector bundle over ptid ), 

one can consider the following linear automorphisms: 

( ) ( ) ( ) ( ) ( ( ) ) ,:and: 11








ϕ⊗⊗ϕ⊗=ϕ⊗








ϕ⊗⊗ϕ⊗=ϕ⊗ −− FFFFF

qtsq
s

qtsq
s  

respectively, on ( )VF q
s⊗  and ( )( ).VFq

s⊗  

Finally, let us consider the functors VBD →⊗ :q
sF D  and 

VBD →⊗ :Fq
s D  defined as follows: 

( )( ) ( ( ) ( ))

(( )) ( ( ))





⊗=⊗

π⊗⊗=π⊗

,,,

,,,,,

fFfFffF

FFMEFMEF

q
s

q
s

q
s

q
s

q
s

D

D
 

and 

( )( ) ( ( ) ( ))

(( )) ( ( ))





⊗=⊗

π⊗⊗=π⊗

.,,

,,,,,

FffFffF

FFMFEMEF

q
s

q
s

q
s

q
s

q
s

D

D
 

Note that D  may be replaced with VB  in the case .0=s  

3.2. Natural vector bundle morphisms FF q
s

q
s DD ⊗→⊗  over Fid  

Let us consider the representation ( ) ( )VGLVGL q
sVsq ⊗→ρ :,,  given 

by ( ) ( ).,, uu q
sVsq ⊗=ρ  Let us denote ( ) ( )xuVVVGLV ,,: →×λ  ( )xu6  

the canonical linear action (this is a vector bundle morphism over 
( ) ,ptptVGL →×  where pt denotes an one-point manifold); the map 

( ) FVFVVFGLF V →×λ :  is also a linear action, so there is a unique 
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representation, ( ) ( ),: FVGLVFGLjV →  defined by ( ) ( ) =vgjV ~~ ( ).~,~ vgF Vλ  

The representation 

( ) ( ( )),:,, VFGLVFGLFj q
sVsqVq

s
⊗→ρ

⊗
D  

will be denoted ( ) ( )1,,1,, ; VsqVsq ρρ  induces a left action of ( )VFGL  on 

( )VF q
s⊗  defined by ( ) ( ) ( ).~~

11,,1 TgTg Vsqρ=⋅  The representations 

FVsq ,,ρ  and Vj  also induce a left action of ( )VFGL  on FVq
s⊗  defined 

by ( ( )) ( ).~~~~
,, TgjTg VFVsqρ=⋅  

Definition 3.1. A linear map ( ) ( )FVVF q
s

q
s ⊗→⊗:τ  is said to be 

equivariant, if it is ( )VFGL -equivariant with respect to the previous 

actions, i.e., 

( ( )) ( ) ( ),~~
1,,,, ggj VsqVFVsq ρ=ρ DD ττ   (3.1) 

for all ( ) ( ).~ VGLTVFGLg FA≅∈  

Definition 3.2. A natural vector bundle morphism FF q
s

q
s DD ⊗→⊗:τ  

over Fid  is a system of base-preserving vector bundle morphisms, 

( ) ( ),: FEEF q
s

q
sE ⊗→⊗τ  for every D -object, such that ( ) =⊗ E

q
s Ff τD  

( ),fF q
sG ⊗Dτ  for each D -morphism .: GEf →  

Proposition 3.1. There is a bijective correspondence between the set 

of all natural vector bundle morphisms FF q
s

q
s DD ⊗→⊗:τ  over Fid  

and the set of all equivariant linear maps ( ) ( ).FVVF q
s

q
s ⊗→⊗  

Proof. Let ( ) ( )FVVF q
s

q
s ⊗→⊗:τ  be an equivariant linear map 

and ( ) VUU ×→πϕ −1:  be a local trivialisation of a vector bundle 

( );,, πME  let 

( )[ ] ( ) ( ) ( ) ( ).11 ϕ⊗×ϕ⊗= −
π⊗

− q
sFU

q
sFUFE FidFq

s
DD ττ   (3.2) 
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( )D1  The right hand of (3.2) does not depend on : Indeed, let 

( )U1
1 : −πϕ  VU ×→  be another local trivialisation such that 

( ) ( ) =ϕϕ − tx,1
1 D  ( )( );, txax ⋅  one has 

( ) ( ) ( ) ( ( )( ) )

( ) ( ) ( ( ( )) )

( ) ( ) ( ) ( ) ( ( ))( )
( ) ( )( ) ( ( ( )( )) )















⋅ρ=ϕ⊗ϕ⊗

⋅ρ=ϕ⊗ϕ⊗

⋅=ϕϕ

⋅ρ=ϕ⊗ϕ⊗

−

−

−

−

.~,~,~

,~~,~~,~

,~~,~~,~

,,,

1,,1
1

1

1,,
1

1

1
1

,,
1

1

TxFajxTxFF

TxFaxTxFF

txFajxtxFF

TxaxTx

VFVsq
q
s

q
s

Vsq
q
s

q
s

V

Vsq
q
s

q
s

D

D

D

D

 

( )D2  τ is a natural vector bundle morphism: Indeed, let EEf ′→:  

be a D -morphism over ( ) VUUf ×→πϕ −1:,  be a local trivialisation of 

E, and ( ) ( ) VUU ×′→′π′ϕ′ −1:  be a local trivialisation of E ′  such that 

( ) .UUf ′⊂  Let us put ( ) ( ) ( ( ) ( ) ).,,1 txbxftxf ⋅=ϕϕ′ −DD  For any 

( ) ( )ϕ⊗∈ q
sFTx ~,~  ( ( )) ( ),1 FUF q

s
−π⊗D  

( ( )) ( ) ( ) ( )TxFFfF q
sE

q
s

q
s

~,~1−ϕ⊗⊗ϕ′⊗ DDD τ  

( ) ( ( )( )) ( )( ),~~,~
,, TxFbjxfF VFVsq τ⋅ρ=  

and 

( ) ( ) ( ) ( )TxFfFF q
s

q
sE

q
s

~,~1−
′ ϕ⊗⊗ϕ′⊗ DDD τ  

( ) ( ) ( ( ))( );~~,~
1,, TxFbxfF Vsq ⋅ρ= Dτ  

but τ  is equivariant, hence ( ) ( ).fFFf q
sEE

q
s ⊗=⊗ ′ DD ττ  Furthermore, 

.ττ =→ptV  

( )D3  The map ,: ττ 6Ψ  is obviously injective. The surjection can 
be shown as follows. Indeed, given a natural vector bundle morphism 

FF q
s

q
s DD ⊗→⊗:τ  over ,Fid  let us define the map ( ) →⊗ VF q

s:τ  

( )FVq
s⊗  by .ptV →= ττ  
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(i) For a linear automorphism ϕ  of V, we have ( ) FFq
s DD ττ =ϕ⊗  

( ):ϕ⊗q
s  Indeed, ϕ  is a D -morphism over ,ptid  so ( ) =ϕ⊗ →ptV

q
s F τD  

( ).ϕ⊗→
q
sptV FDτ  

(ii) :ττ ×=
→× mmm FV id RRR  Indeed, the projection ,:2 VVpr m →×R  

( ) ,, ttx 6  is a D -morphism ( ),over ptm →R  hence 

( ) ,:22 FVFVFprprF m →×= R  

is also a D -morphism. Moreover, 

( ) ( ) ( ),:22 VVprpr q
s

q
s

mq
s ⊗→⊗×=⊗ R  

then 

( ( )) ( ) ( ).:22 VFVFFprprF q
s

q
s

mq
s ⊗→⊗×=⊗ R  

The relation ( ( )) ( ( ))22 prFprF q
sptVV

q
s mm ⊗=⊗ →→×

DD ττ RR  can be 

written ,22 prpr mm V DD ττ =
→× RR  hence .ττ ×=

→× mmm FV id RRR  

(iii) :tequivarian isτ  Let IA p
F E=  be the Weil algebra associated 

to F. Taking ( ) ( )( ),,, txaxtxf ⋅=  where ( )VGLa p →R:  is ,∞C  the 

relation 

( ) ( ),fFFf q
sVV

q
s pppp ⊗=⊗

→×→×
DD RRRR ττ  

is equivalent to 

( ( )( )) ( ) ( ( )),~~
1,,,, xFaxFaj VsqVFVsq ρ=ρ DD ττ  

for .~ p
A

p
FTFx RR ≅∈  But for ( ),~

1 VGLTg FA∈  there is ( ,pCa R∞∈  

( ))VGL  and p
AFTx R∈1

~  such that ( )xaTg FA
~~

1 =  (see [5]), hence (3.1) 

is clear by using the natural equivalence .FA
F TG →  
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(iv) ( ) :ττ =Ψ  Indeed, each local trivialisation ( ) VUU ×→πϕ −1:  of 

a vector bundle ( )π,, ME  is a morphism-D  over ,Uid  hence 

( ) ( ) ( ) ( ),ϕ⊗×=ϕ⊗=ϕ⊗ →×
q
sFU

q
sUVUE

q
s FidFF

U
DDD τττ  by (ii) 

i.e., ( ) ,
UU EE ττ Ψ=  according to (3.2).  
 

4. Equivariant Linear Maps ( ) ( )FVVF q
s

q
s ⊗→⊗  

Let FMVB →:F  is a product preserving gauge bundle functor. 

4.1. The case 0== sq  

An equivariant linear map ( ) ( )FVVF 0
0

0
0: ⊗→⊗τ  is simply a linear form 

RR →= FAF:τ  since ( ) ( ) FAV idg =ρ ~
1,0,0  and ( ( )) .~

,0,0 RidgjVFV =ρ  

Moreover, each linear form ( )∗∈ FAi  defines an equivariant linear map 

( ) ( )FVVF 0
0

0
0: ⊗→⊗τ  by .i=τ  

4.2. The case 0,1 == sq  

A linear map FVFV →:τ  is equivariant if and only if 

( ) ( ),~~ gjgj VV DD ττ =   (4.1) 

for any ( ).~ VFGLg ∈  For a fixed element ,FAa ∈  one can define an 

equivariant linear map FVFVa →:τ  by 

( ) ( ) ( ),, vamFvava =⋅=τ  

where the multiplication map VVm →×R:  is viewed as a vector 
bundle morphism over ;ptpt →×R  moreover ,ababba τττττ == DD  

hence aτ  is an FA -module endomorphism. 
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Proposition 4.1. Equivariant linear maps nn FF RR →  are in 

bijection with FA -module endomorphisms FF VV →:ν  such that nν  
satisfies (4.1). 

Proof. A natural vector bundle morphisms FF →:τ  over Fid  is a 

natural transformations FF →  over Fid  between product preserving 

gauge bundle functors on ,VB  hence there is a morphism of pairs 

( ) ( ) ( )FFFF VAVA ,,:, →µ ν  with FAid=µ  such that ΘΘ= µ− DD νττ ,1  

([3], Theorem 2). Since 

( ) ,nn
ptptn ντττ === →→ RR  

the result follows. 
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